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Self-Dual Cones in Hilbert Space 
RICHARD C. PENNEY 
Self-dual orderings of Hilbcrt spaces are defined and a structure theory is 
developed. As an application it is shown that a projection TT is in the commuting 
algebra of a “nice” topological group if f  T and I ~- 7~ leave the cone of Ly 
positive definite functions invariant. 
1. INTRODUCTION 
Let /i be a Hilbert space (real or complex) and P c H cone with 
vertex at 0. P is said to be self-dual provided s E P iff (x, p) > 0 for 
all p E P. Examples of such cones are provided by: 
(i) If M is a measure space with a positive Bore1 measure IL, 
then the set of a.e. positive functions on M is a self-dual cone in 
Lyizf, /A). 
(ii) If Ii is iw” 2 lnd P is any right circular cone Cth vertex at 0, 
then P is self-dual. 
(iii) If N is th c space of operators ,4 on a Hilbert space fIO such 
that AA* is a trace class (see [6]) with the innerproduct (A, B) m= 
trace AD*, then the set of positive operators in II is a self-dual cone. 
(iv) If G is any locally compact unimodular topological group, 
Ii L: L2(G) and P is the space of square integrable positive definite 
functions (w.r.t. Haar measure). (That (iii) and (iv) are self-dual 
will be shown in the next section). 
In this paper we are interested in characterizing such cones. ‘IVc 
show that every such cone can be written as a “direct-integral” of 
certain more fundamental objects called circular cones. This decom- 
position is canonical and yields a canonical direct integral decomposi- 
tion of FI. If the vector ordering ,( on H defined by x < y iffy - x E P 
is a lattice ordering, the circular cones turn out to be one-dimensional 
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and we obtain a canonical isomorphism between H and L2(M, k) for 
some measure space (M, p). This isomorphism maps P onto the space 
of a.e. positive 1,” functions. 
As an application, we obtain from example (iv) above the interesting 
fact that if G is also type I, a projection r onL2(G) commutes with all 
left and right translations iff TT and I n leave P invariant. 
These results also have interesting applications to the study of 
positive representations of locally compact groups and invariant 
means. We intend to go into these applications in a subsequent paper. 
2. MAIN RESULTS 
Let P be a self-dual cone in a separable real Hilbert space N. Let 
IT(P) be the set of orthogonal projections r for which v and 1 -- x 
leave P invariant. Our first main result is the following. 
THEOREM 11.1. ITI is n complete Boolean algebra of projections. 
If the ordering < defined by P is a lattice ordering, then 17(P) is maximal 
abelian and there is a positive cyclic vector for IT(P). 
Proof. Recall that a Boolean algebra is complete if it is closed under 
arbitrary unions. An ordering < is a lattice ordering provided sup(x, y> 
and inf{x, y} both exist for all pairs of elements x and y. 
We first prove the following lemma. 
LEMMA II.2. If x E II then there are unique elements x+ and x- in P 
which satisfy x := x-t -- x - and (x+, x--) = 0. 
Proof. Since P is a closed convex set, there is a nearest point to x 
in P. Call it xi-. Let x- = x+ - x. Let p E P and let Y E Iw, Y ), 0. 
Then 
= 1) x - .x’+ 112 - 2(x - x+, Yp) + Y2 :! p 112 for all y 2 0. 
It follows that (x - xf, p) < 0, and hence, that x+ - x = x- E P. 
Applying the same expansion with x+ = p and -1 < Y, we see that 
also (x - x+, x+) 3 0, and hence, that x- 1 x*. 
To show the uniqueness, let x =T u -- v be another such decom- 
position. Then 0 = (x+ - u) - (x- - v). Hence, 0 < I/ x+ - u /I2 = 
(x+ - U, x- - a) = -(x+, v) - (u, x-) < 0. Thus, x+ = u and 
x- = 2). Q.E.D. 
Now, let r1 , r2 F II(P). Let F, = ITS and H, = T,(H). Note that 
by the above lemma, F1 - F, = iFI, . F, has the property that if 
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x EF~ and 0 < y < x, then y E Fl . In fact, let J‘(, == (I ---- ri)y so 
that y - y,, +- T~J’. Then 0 < y0 < x and ( y0 , x) = 0. Won-ever, 
0 < (y,,y,,) < (y,,, x) = 0. Hence, y,, .= 0 and _v =m: riy, as 
claimed. Hence, if x E F, , then x = rrzx -f- (1 -- n,)x so that x > rzx 
and rrPx EF~. Th us ‘ark leaves H, invariant. It follows that 17(P) is 
closed under composition and abelian, i.e., n(P) is a Boolean algebra. 
‘The completeness follows from the fact that D(P) is closed under the 
weak operator topology, and that the supremum of a set of projections 
is the weak operator limit of elements in that set. 
To prove the second statement, define a subset P,, of P to be a face 
if (i) P,, is a closed convex cone with vertex at 0 and (ii) .T E P,, , 
0 c< 3’ < x implies that y E PO . 
Assume now that ,< is a lattice ordering and that P,, is a face. 17-e 
claim that PO - P, = El,, is a closed subspace of N and that the 
orthogonal projection 7 , o onto ff,, is an element of IT(P). Let 
I’, = (I’o)’ n P 
and let JJl = PI -’ PI. If it could be shown that P,, P1 7 I’, 
then the above statements would follow for then H, + N, -m= Ii and 
If, A_ II” . 
‘1’0 show that PO $- PI = P, note that since sup{“, y> < x k J’, 
each face is a sublattice. Now, let x E P and let S = [p E P,, , p ,< xl. 
Since PO is a sublattice, S is directed under <. Thus by [5, Theorem 
4.3, Corollary 21, s = sup(p E S> exists and is in S. (That P is normal 
follows from [5, 3.51.) Let t = x - s. Then t E P and m = t + s. If it 
can be shown that t E (PJL, our claim will follow. This follows from 
the following lemma. 
LEMMA 11.3. i-f u and sz’ aye in P, then (u, U) = 0 ;sf influ, ~3; -: 0. 
Proof, If (u, V) = 0 and inf(u, c} = z, then 2 is less than both ZL 
and z and N u 2 0. Hence, (z, z) < (z, U) < (ZI, u). Hence, z m= 0. 
Conversely, if inf{u, z] = 0, then by [5, 1.11, sup{zl -- T’, 01 -= 11 
and inf,[z:zr - P, O> :: -v. Thus, since 
Similarly (U - v)- ;:. E+, and hence, 
0 < (24, 2,) -< ((24 - v)‘, (21 - a)-) = 0. 
To see that t E (PJl, let y E P0 and let z = infit, y]. Then z E PO 
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and z + s < x’. ‘Thus, z r s t S, and hence, z = 0. Our claim 
follows. 
Every element 7~ E D(P) arises in the above manner. In fact, V(P) is 
a face since n(P) = (I - z$P))i n P and $r is the projection onto 
%(P) ~. %(P). 
We claim, now, that D(P) is maximal abelian. Suppose that ‘p is 
some orthogonal projection which commutes with n(P). Let p G P 
and write q(p) z: x+- - x via Lemma 11.2. We first show that 
x- ~: 0. I,et I-‘, :- (x:~ n P and let P,, = (PI)- n P. Y, is a face 
which contains ?c~-. Ict v F; IT(P) be the projection onto P, -- I-‘,, . 
Then p)(z-( p)) m=- ~(q( p)) -p ---.x-. Rut then j! x (I? = 1: rp(~(p))ll~ : 
p!(p)), 7r(p)) -2 (-.v-, 7~( p)) < 0, i.e., Mm- zm 0. Similarly for 
q. Hence, CF E n(p), as claimed. 
Finally, to SW that 17(P) has a cyclic vector, note that by [5, 7.61, 
there is a vector 7% t P such that (21)-L n P - LO:. Such a 2’ is necessarily 
a cyclic vector, for if not there would be an .X -= .X -- x ~ orthogonal 
to c%P’ v fz II(P)). If 7r is the projection onto the subspace generated 
by \hc face [c’] ! n P, then (X , c) (TX, 7:) :- (x, 7771) = 0. Hence, 
x- -- 0 and .X m= 0. Q.E.D. 
COROLLARY 11.4. I f  the ordering < is a lattice ordering, then there 
is a compact topological space M and a regular finite Bore1 measure p 
on M such that H is canonically isomorphic with L2(M, p) and P is 
isomorphic (under the same Hilbert space isomorphism) with the set of all 
positire functions on M. 144 can in fact be chosen to be the spectrum 
of 11(P). 
Proof. l,et lZC. be the complexification of II and let B(P) be the 
CV algebra on H,, generated by the complexification of IT(P). B(P) 
is maximal abclian since it has a cyclic vector. Hence, by [8, Scholium 
9.21, f1 is isomorphic with L”(M, CL) where M is the spectrum of 
B(P) and p is as above. B(P) is isomorphic with the multiplication 
algebra of this space. If the isomorphism is defined as in [8] relative 
to a positive cyclic vector z!, then the elements ~29 correspond to posi- 
tive functions for v E II(P). It follows from self-duality and the density 
of the vc in P that P is mapped onto the space of a.c. positive I,’ 
functions. Q.E.D. 
COROLLARY 11.5. I f  H is W and P is a self dual cone which giaes 
rise to a lattice ordering, then P is unitarily isomorphic with the set qf all 
( x1 ,..., x,,) such that xi > 0. 
The above reasoning can also be used to yield information about the 
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structure of D(P) in the nonlattice case. We first, however, need to 
consider direct integrals of cones. 
DEFINITION 11.6. Let M be a Bore1 space with Bore1 measure p. 
J,et Ha be an integrable family of separable real Hilbert spaces indexed 
by LW (see [4], direct integral theory). Let H = SjU @ Hi tip(~). Let 
P _C_ HI, Lk E iM, be a family of self-dual cones. The P’l arc said to be 
integrable provided there is a sequence ‘;fi> C H such that .fj( 1) t Px 
for a.e. ac and allj andfj(x) is dense in P7 for a.e. Y. 
Y‘HEORWI 11.7. Let N be as abore and suppose the P are integrable. 
Let P be the set of elements f of H which satisf?, f (a) > 0 for a.e. x t M. 
Then I’ is a self-dual cone in H. I f  x E I-I, then X+(E) -: x( 1)’ fey a.e. -1. 
The family of projections II(P) is the direct integral of the families 
II(P), n E l%f. If Hfi is a rector lattice under <: fog a.e. 3, then so is If. 
Proof. That P is a convex cone with vertex at 0 is obvious. l’hat 
(P, 1’) > 0 is also clear. To see that P is self-dual, suppose s E H 
and (x, P) > 0. Ifft P, then for a.e. A, (x(N),~(u)) > 0 for otherwise 
let -CL, = [a i(X(&),f(a)) -_ O> and let g -= xQf (x indicates cbarac- 
teristic function). g E P and (x, g) c: 0 unless g mu 0. Hence 
(S(N),.f,(N)) ;> 0 
for a.e. a. Since .fi is a countable sequence, we may assume that 
~X(~),fi(~>> 2 0 f or a.e. N independent of i. Hence, for such n, x(n) E PI, 
l.C., x E P. 
The statement about a+(~) follows from the uniqueness of X(U)*. 
(Note that this implies the measurability of N + x(01)+). 
Clearly, the direct integral of any measurable family of projections 
ST” E II is an element of U(P). Conversely, if Q C AU is measurable, 
then the projection f -fxof is in II(P). However, II(P) is abelian. 
Hence every element of n(P) commutes with each xa . It follows from 
[4, Theorem I’. 6, p. 921 that each element of II(P) is a direct integral of 
projections v on W. It is clear that a.e. rTT” E n(P). 
The lattice property follows from the following lemma. 
LEMMA 11.8. If x, y E H and sup(x, y) exists, then supcx, y) = 
(x ~- ?l)-L 7~ y, and zy infix, yl exists, then inf(x, 231 := ~1 --- (,Y -‘- -V)-. 
Proof. By [5, 1.11, if ZL = sup(x, y> exists, ‘c* = s _:- J’ - sup[x, y-1 
is infix, y>. Also ZI - y = sup{x -- y, 0) and ‘: - 1’ = inf[x - y, 0). 
Hence (U - y) -L- (V -- y) = su cu - y, O> -I- infJx -- ~1, 01 =- .Y - ,t’. p.( 
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Furthermore, u - y :> 0, --(z - y) 2 0, and inf{u - y, z’ -- yj 
exists and equals zero. Thus (U - y, 2: - y) - 0. By uniqueness of 
(X - ,v)+, ZL - ~1 = (X --~ y)’ and *L’ -- )’ _ ~mm -(.& -- y)-, Q.E.D. 
Our theorem now follows since if x and y E H, then 
which is a measurable function. Similarly for inf. Q.E.D. 
DEFINITION 11.9. If !l is a direct integral of ordered Hilbert 
spaces H0 as above and P arises as above, then P is said to be a direct 
integral of the P’, and the ordering on H is said to be the direct 
integral of the orderings on Hn. 
In this terminology we have the following corollary of II. I. 
THEOREM II. IO. I,et II be a real separable Hilbert space and P a 
self-dual cone in H. Let II,, be a complete subalgebra of II(P). 
Corresponding to IiT,) is a measure space M with a positive Bore1 measure p, 
an integrable family Hn of Hilbert spaces indexed by M, and an 
integmble family Pa of se[f-dust cones in US such that 
(i) II is isomorphic with the direct integral over (M, ,u) of the 
II0 and P is the direct integral of the PI; 
(ii) under this isomorphism II,, is isomorphic with the multiplica- 
tion algebra of characteristic functions of measurable subsets of A4; 
(iii) if TT E II(P), then there are a.e. unique projections 7~” E L!(P) 
such that n(x)(a) 1 T”(x(cx)) for all x E H and a.e. cx E M. Furthermore, 
there is a countable subset S of II(P) which is dense in IT(P) in the weak 
operator topology such that the sets Sm -= [rrm / 7~ E S) are dense in 
II in the weak operator topology for a.e. 01 E M. 
Before proving 11.10, we note a corollary of it. 
DEFINITION II. 11. A self-dual cone P is said to be circular if 
II(P) = [I, 0). 
COROLLARY II. 12. Every self-dual cone P is isomorphic with the 
direct integral of circular cones. 
Proof of 11.10. Let H,. be the complexification of H and let A 
be the set of operators on H,, which commute with the complexification 
of n,, . A is a I&‘* al ge b ra and the C* algebra C on ff,. generated by 
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Ir, is an abelian subalgebra of A’. Hence, [9, Theorem 2, p. 171 
yields a decomposition of H, as a direct integral of spaces Hce over 
such a measure space (M, p). Clearly we obtain from this a decom- 
position of H as an integral of real spaces He C Hen. Let xT1 be a 
countable dense set in Hand let Pa be the closure in tfQ of 
M-e claim that Pa is for a.e. a a self-dual cone in Ha. To see this, note 
that if y and z are in P, then (y(a), z(a)) 3 0. (This follows as in the 
proof of the self-duality of P in 11.7). Let fz be the set of all iy for which 
N &WY s,~~+(s)) >, 0 for all m and n in N and for all choices of 
+ and --; 
(ii) (Xll.+(~), xn-(~)) = 0; 
(iii) x,,-‘-(a) - q&-(a) = x,(a); 
(iv) .~,(a) is dense in Hm. 
It is easily seen that ,A(AY\Q) = 0. If u( E ~‘2 and p E Pl, then 
(p, p3) > 0. c onversely, suppose p E Ha satisfies ( p, P”) > 0. Write 
p -= limj,, x,,,(a). Then 
Since (x;;,(.x), X,(X)) = 0, every term on the right is positive, and 
hence, tends to zero. In particular xZL~) -+p, proving that p E P. 
Hence, PA is a self-dual cone. Xote also that we showed that xnmc(a) is 
dense in PI. 
It follows that J BP\ &(a) . is a self-dual cone which contains 
Xl, + and s,~--, and hence, equals P. The rest of parts (i) and (ii) of the 
theorem is obvious. 
Part (iii) says that the algebras 17(Pn) vary measurably with respect 
to 3 [3, Definition 51. Its proof is a straightforward modification of 
the proof of [3, Lemmas 7 and 61. (Note that in the notation of [3, 
Lemma 61 the “analytic expression” for a function X -+ z-(h) to belong 
to n(P) for a.e. X is (+A) x,+(h), x,,,+(h)) 3 0 for all n and m and 
a.e. A. If 7;(h) is of the form Yi;J-lA.Yj:’ for h E A,, and 
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then the analytic expression is equivalent to 
This is required in the modification of Lemma 6. See [3] for notation.) 
Q.E.D. 
l’he corollary is now clear. We let 17, z= II(P)(which satisfies the 
above requirements due to 11.1). The n(p) must = (I, O> for a.e. 
01 for if not there would be by (iii) above an element 7~ E 17(P) for which 
7~~ $ (0, I) for all CL on some set of positive measure. This is impossible 
by part (ii) above. 
Remarks. In the above we have considered only real Hilbert 
spaces. The complex case can be handled as follows. Let H be a 
complex Hilbert space and PC H be a self-dual cone. Let EI, m-m 
{X E H /(x, P) C iw>. It is easily seen via the reasoning of II.2 that H, 
is a real Hilbert space which contains P and that H is the complexi- 
fication of H, . Furthermore, the projections on H which leave 1’ 
invariant are complexifications of projections on H, which leave P 
invariant. 
We conclude with some examples. 
EXAMPLE 11.13. Let G be a locally compact unimodular group 
and let p denote Haar measure. Recall that a locally integrable function 
f: G --f C is said to be positive definite provided 
for all integrable functions cp having compact support. Let P denote 
the space of all such f which belong to L2( G). 
THEOREM 11.14. P is a self-dual cone. IT(P) contains the set of 
projections which commute with both left and right translations in L2(G). 
Hence, the decomposition of II.12 above is “jiner” than the F’ourier 
decomposition of L2( G). 
Proof. That P is a convex cone is obvious. That (P, P) > 0 
follows from [2, Proposition 18, p. ‘741 and the fact that G is uni- 
modular. The self-duality of P then follows from the easily verified 
facts that 
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(1) fisinPiff(f,k)>Of or all functions of the form h(x) -= 
s rp(XY) a( Y) dY w h ere v is integrable with compact support; 
(2) every such k is in P. 
l’o prove the final assertion of the above theorem, we need some 
notation and results from [7]. In particular, if f and g EL”(G), define 
L,(dW -= Jf ( Y) d Y’4 dY w h enever the resulting integral exists 
for a.e. x and defines an element of L2(G). Define R,(g) =: L,(f) 
whenever this makes sense. L, and R, are linear, partially defined 
operators onL2(G). Note that if y is as in (I) above, then the integral 
in (1) is equal to (f, L,(y*)) where T*(X) = @(K’). 
Now suppose that 57 is an orthogonal projection which commutes 
with translations in L”(G). Then, if g, and I/J are as in (1) above, by 
[7, Lemma 1.4, p. 271, n(L,#) = L,,$. Also, since L,$ = K&p,, we 
have &Z/J) = L,(r$). H ence, if ye is another such function 
Hence, (~9)~ = ~(9,“). 0 ur main result now follows for ifJE P and y 
is as before, (Tf, IJa(P*)) = (f, +v%(p,*))) = (.f, Lv((T)*)) 3 0, 
since I,,, ((VT)*) c P. Q.E.D. 
Remarks. The lvord “finer” above is used in its weak scnsc. In 
fact, it seems to be a reasonable conjecture that for any locally compact 
unimodular group, the two decompositions of L2(G) are the same. That 
this is so for separable, type I groups follows from the following 
corollary to the next example. 
COROI.LARY 11.15. If G is a t-ype I, separable, locally compact, 
unimodzrlar group, theft an orthogonal projection T on L2(G) commutes 
with all left and right translations # rr and I - v both leave the space 
of L2 positive definite functions invariant. 
The example we mentioned is the following. 
EXAMPLE 11.15. Let H be a Hilbert space and let S be the set of 
Hilbert-Schmidt operators on H (i.e., A E S iff trace AA* exists and 
converges absolutely for any choice of orthonormal bases for H). 
The inner product (A, B) = trace (AB*) makes S into a Hilbert 
space (cf. [6, Chapter II]). Let P be the set of positive elements of S 
(i.e., those ,4 for which (AZ!, 21) 3 0 for all ZJ E U). 
r~yHEOREM. P is a self-dual circular cone in S. 
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Proof. It is known that every element of S is compact and every 
element of P is self-adjoint. Hence, every element of P is diago- 
nalizable. Let A, R E P and let {e,,} be an orthonormal basis of eigen- 
vectors for B. Then (A, B) 7 trace AB* = xi (ABe,, ei) L-T 
xi &(Ae, , et) -= Ci(Bei , eJ(Ae$ , ei) > 0 (Here Alei = Be;). Hence, 
(PI P) 3 0. 
Xow, if z’, w E H, define z’ @ w t S to be the operator E(., w). ‘l’hcn 
a @ 2’ E P for all v E Ii. Hence, if (A, P) 3 0, then (A, I’ @ r) :- 
(Av, v) 2: 0. Hence, A E P. 
To show that P is circular, suppose 7~ E n(P). Let S, and S, be the 
range of rr and I -~- r, respectively, and let Pi = S, n P, i 1, 2. 
Let iii = [U E H / z’ @ c t Si}. If A E S and if (e,) is an orthonormal 
basis of eigenvectors of A corresponding to the eigenvalues hi , then 
by[6],A-E.iX. ‘0 .( %ea x e,, convergence in S). If A E Pk , k =~ 1 or 2, 
then hi > 0 and, hence, A 2 hiei @ ei . It follows that ei @ ei E P,%. 
and that P,, is the closed cone generated by the set of z’ @ rc’, v E fI,< 
(note that P, is a face). In particular, E-i,; is a closed subspace of N for 
if z:r and %‘.2 arc in H, and if ZL F H, , then 
((Cl -’ T,) (jj; (Cl -1 r2), w g w) L (e:, $ v2 ) 7.6) 2 = 0. 
Hence, (z*r r us) @ ( cl + v2) E (P&l n I’ :- P, , i.e., r’i ~. .:‘Z E H, . 
The Hi are obviously closed. Finally, H, L f1s = H, for if not, there 
is a o E H orthogonal to both H, and H, . Then v @ z! is orthogonal 
to P, and P, , and hence, is zero, i.e., 2’ = 0. Now, let v E W, , zu E H, . 
If x E H,. , (7: @ w(x), x) T--- (v, x)(x, w) = 0, k = 1 or 2. Hence, 
u @ w = 0, i.e., z’ = 0 or w :- 0. It follows that one of H, or II, is 
zero, i.e., either v or 1 - v is zero. Q.E.I>. 
Proof of 11.15. J,et G denote, as usual, the set of equivalence 
classes of irreducible representations of G. For a: E G, let u’ be a 
representative of the class x realized in a Hilbert space El&. According 
to the Plancherel formula for G, L2( C) r is a direct integral of the spaces 
Sa of Hilbert--Schmidt operators on Ha where g, E L’(G) n L](G) 
corresponds to the element SC 9,(g) (Ji dg for a.e. N (see [ 11). This 
decomposition is equivalent to the decomposition obtained by 
decomposing the von Neuman algebra generated by all left and right 
translation in L2(G) with respect to its commutator (which is, in this 
case, also its center by a theorem of [7].) By 11.14, this commutator is 
a subset of II(P), and hence, P decomposes as a direct integral of self- 
dual cones Pa C Sd. 
Now, if k E P is as in the proof of 11.14, then ui : UE : (tJz)* 
for all !R. Hence, u: is a positive operator. Since the set of such k 
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are dense in P, it follows that a.e. Pa contains a dense set of positive 
operators. The self-duality of P” and II.13 then show that for a.e. oi, 
P” is equal to the cone of positive operators in Hn. Hence, by 11.13, 
a.e. P is circular. II(P) is, then, isomorphic with the set of charac- 
teristic functions on 2cI which is also of course, the set of projections 
which commute with left and right translations. Q.E.D. 
Remarks. Since writing the above, we have become aware of the 
work of Marti (abstract, &-spaces, ~Vuth. Ann. 185 (1970) 315-321). 
Our Corollary II.4 follows easily from his Theorem Il. We feel, 
however, that our proof is sufficiently different from his to be still of 
interest. 
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